Abstract-When compressive sensing (CS) was employed to solve electromagnetic scattering problems over wide incident angles, the selection of sparse transform strongly affects the efficiency of the CS algorithm. Different sparse transforms will require different numbers of measurement. Thus, constructing a highly efficient sparse transform is the most important work for the CS-based electromagnetic scattering computing. Based on the linear relation between current and excitation vectors over wide incident angles, we adopt the excitation matrix as sparse transform directly to obtain a suitable sparse representation of the induced currents. The feasibility and basic principle of the algorithm are elaborated in detail, and the performance of the proposed sparse transform is validated in numerical results.
INTRODUCTION
In the field of computational electromagnetics (CEM), fast calculation of wide angle electromagnetic (EM) scattering problems is always a difficult task. Classic numerical methods, such as method of moments (MoM) [1] , finite element method (FEM) [2] , and finite difference time domain (FDTD) [3] , have to repeat computation as incident angle changes, which result in low efficiencies.
As one of the most used methods in CEM, MoM is widely applied to different types of EM scattering problems. Many fast algorithms based on traditional MoM, such as fast multipole method (FMM) [4] , multi-level fast multipole algorithm (MLFMA) [5] , and adaptive integral method (AIM) [6] , have been developed gradually. However, when these algorithms were used to solve EM problems over wide incident angles, they still cannot avoid the problem of repeated calculations.
Compressive sensing (CS) [7] originates from the field of digital signals, and it is an attractive signal processing technology with the most advantage of low sampling rate which breaks the limit of Nyquist theorem. In its solving framework, the structure of sparse transform is an important link which directly determines the times of measurements and even the whole calculation efficiency.
Introducing CS into traditional MoM has developed a quick solution for wide angle EM scattering problems [8] . In this algorithm, the selection of sparse transform is also a key link that greatly affects the computation times of MoM and the total speed of the solution. In previous research, we used to take excitation vectors over wide angles as prior knowledge to construct a kind of sparse transform which presented a good performance by decomposing the expression of excitation layer upon layer [9] . However, this treatment of the prior knowledge seems still not so direct and excellent. Whether the property of the apriority of excitation can be exploited entirely becomes a meaningful work.
In this paper, an audacious attempt has been studied, in which a new sparse representation of induced currents is constructed directly by the excitation vectors. Numerical analysis of differently shaped objects has shown that the total number of measurements required with this new type of readymade excitation matrix can be reduced obviously compared to traditional transforms.
FORMULATIONS AND EQUATIONS

CS Frame
The basic formulas of CS is reviewed as follows:
(i) Apply measurement matrix (denoted as Φ) to measure original signals (denoted as X):
thus, a low-dimensional projection of X can be obtained.
(ii) Construct a sparse transform of X and substitute it into Eq. (1):
in which Ψ represents the sparse transform and A the K-sparse projection of X.
(iii) Solve Eq. (2) as an optimization problem by recovery algorithms:
(iv) The original signal can be approximated aŝ
Application of CS into MoM
The fast solution for wide angle EM scattering problems by introducing CS into MoM is designed as follows:
Step 1. Calculate M times of linear summations of excitation vectors over n discrete angles (denote the results as
thus M measurements of excitation vectors are obtained.
Step 2. Calculate the M current vectors corresponding to
According to the invariance of the impedance matrix with incident angles, M measurements of unknown current vectors over n wide angles are actually obtained:
Step 3. With the utilization of the sparse transform (denoted by Ψ) and recovery algorithms, sparse projections of [ I θ 1 I θ 2 . . . I θn ] T in the transform domain can be solved by CS frame and denote the results as a matrix form (denoted byÂ), unknown currents can be approximated bŷ
The solution reduces computation times of MoM from n to M (M n), thus realizing fast calculation of wide angle electromagnetic scattering problems. Obviously, in this algorithm, the value of M is the most important key which is determined by the construction of sparse transform to a great extent.
Sparse Transform Composed by Excitation Matrix
The basic equation of MoM can be written as (8) in which Z represents the impedance matrix, I the unknown current vector, and V the excitation vector. While solving wide angle EM scattering problems, Eq. (8) can be rewritten as
in which θ 1 , θ 2 , . . . , θ n represent discrete wide incident angles. Transpose Eq. (9), we can get
in which I i , V i (i = 1, 2, . . . , N) respectively represent currents and excitations on every element of the scatterer over wide angles. Thereby, solving wide angle EM scattering problems is just calculating [ I 1 I 2 . . . I N ] which can be expressed in the form of
It means that each I i can be decomposed into a linear combination of V 1 , V 2 , . . . , V N : 
in which K i is not a column of (Z T ) −1 but a sparse vector. So we come to an interesting conclusion that the excitation matrix is a ready-made sparse transform of unknown [
. By using this conclusion, we can solve all larger values in K i (i = 1, 2, . . . , N) by recovery algorithms:
in which Φ M ×n represents the measurement matrix and M n (n is the number of incident angles). 
NUMERICAL RESULTS
In order to verify the availability and efficiency of the excitation matrix as a sparse transform, take three groups of numerical experiments based on EFIE, MFIE and CFIE, respectively, and set electromagnetic parameters as: the frequency of incident waves f = 3 × 10 9 Hz, permittivity = 1/(4π × 9 × 10 9 ) F/m, permeability μ = 4π × 10 −7 H/m, and the waves are located in yoz plane and E-polarized in x direction. The range of the wide angle is set as [0 • , 360 • ] (assume that the direction parallel to y+ axes is defined as 0 • and discretize the wide angle to 1 • , 2 • , . . ., 360 • ). Choose Gauss random matrix and orthogonal matching pursuit (OMP) [10] as the measurement matrix and the recovery algorithm. The operation environment of programs is Mathworks Matlab7.0, Pentium(R) Dual-Core CPU at 2.10 GHz and an internal memory with capacity of 2 GB.
Basic Object
Select a horizontal perfect electronic conductor (PEC) cylinder whose radius of the bottom surface is 0.05 m and the height 0.1 m as an example, as shown in Figure 1 . Take EFIE as the basic integral equation.
The CS-based solution is applied to calculate induced currents over wide incident angles, and the ready-made excitation matrix, the matrix originated from excitation vectors [9] and FFT basis are selected as the sparse transform, respectively. As shown in Figure 2 , the relations between recovery errors and the number of measurements for the three different sparse transforms are compared.
From Figure 2 , one can see that despite that the sparse transform originated from excitation vectors already behaves excellently (While the number of measurements reaches 25 times, the recovery error is reduced to 0.0094; experiments show that for FFT basis, to achieve an error of this magnitude, the times of measurements need to be at least 52.), the performance of the excitation matrix itself is better (While the number of measurements equals 22, and the error achieves 0.0081. Compared with the matrix originated from excitation vectors, its recovery results are more stable.).
To verify the accuracy of calculation results, take 22 times of measurements for example, the recovery values of the CS solution with excitation matrix as the sparse transform, and the calculation results of traditional MoM are compared. Figure 3 shows the results of induced currents under a random incident angle (take 245 • for example).
From Figure 3 , we can see that the recovery results are accurate. 
Complex Object
Calculate a plane model whose shape and size are shown in Figure 4 based on MFIE for example. As the CS-based solution is applied to calculate induced currents under incident angles at 1 • , 2 • , . . ., 360 • with excitation matrix itself, the matrix originated from excitation vectors [9] and FFT basis as sparse transforms respectively, the relations between recovery errors and the number of measurements for the mentioned three kinds of sparse transforms are also described in Figure 5 .
From Figure 5 , we can see that the superiority of excitation matrix itself is even more significant for the calculation example of plane model (The recovery error is reduced to 0.0013 while the number of measurements only reaches 12; for the matrix originated from excitation vectors, to achieve errors of this magnitude, the number should be increased to about 31; for FFT basis, this number has to be In Figure 6 , for a given RWG basis, the induced currents obtained by CS-based solution with excitation matrix as the sparse transform is compared with the results of traditional MoM. The given RWG is chosen as the 505th one with its center at (−0.0041002, 0.057735, 0.00051275).
Multi-Object
Compute a multi-objective model consisting of a sphere with the radius of 0.05 m, a cube with the edge-length of 0.1 m and a rectangular pyramid with the size of 0.1 m * 0.1 m * 0.1 m based on CFIE, as shown in Figure 7 .
The computational performances of the excitation matrix, the matrix originated from excitation vectors [9] and FFT basis, are compared and shown in Figure 8 . From Figure 8 , we can see that the effect of the excitation matrix is significantly better than that of the other two sparse transforms (As the number of measurements reaches 32, the recovery error is close to zero; experiments reveal that to realize accurate recovery, the matrix originated from excitation vectors needs at least 70 times of measurements, and for FFT basis, this number has to be further increased to about 100.). As shown in Figure 9 , when the number of measurements is chosen as 32, the RCS results of CS based solution is computed and compared with that of traditional MoM (take the E-plane bistatic RCS with the incident angles of 44 • , 213 • , 337 • for instance).
From Figure 9 , one can see that the results of RCS obtained by the CS-based solution with excitation matrix as sparse transform are accurate.
CONCLUSION
A sparse transform is proposed for the CS based EM scattering analysis over wide incident angles. The excitation matrix is directly applied to construct a new sparse transform. Numerical results show that the performance of the proposed sparse transform is excellent and better than the FFT transform and other sparse transforms that we proposed before.
